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Use of Propagators in the Hiickel Model. VI.
Magnetic Perturbation and Ring Current
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The electron propagator in the magnetic field is investigated under the Hiickel approximation, and the
electronic energy and the aromatic ring current are evaluated. The perturbation treatment for the ring
current developed by McWeeny is easily reformulated in terms of propagator and then the physical features
involved in this problem have been made considerably clearer.

The diamagnetic anisotropy of an aromatic hy-
drocarbon may be attributed to induced currents
flowing round the aromatic rings. This picture first
proposed by Pauling,? has been quantum mechanical-
ly formulated by London,? and extensively studied,
e.g., by Pople? or by McWeeny.# Recently this
problem is investigated in connection with aromatic-
ity by Aihara,® who uses a graph-theoretical formal-
ism. In this paper we reformulate the above mentioned
treatments in terms of propagator. The physical
contents beyond the previous works will not be ex-
pected, but the general and compact analysis might
be helpful in a deeper understanding of this problem.

Hiickel Hamiltonian with Magnetic Field

In treating species in the magnetic field, we use
the basis set:

Xs(x) = xi(r)e—idir/o,
D = ficle, (1)

where x? is the atomic orbital at s site in the absence
of the magnetic field, 4; is the vector potential there
and r is the position vector of electron. Meanwhile
we manipulate in unit of @=1 for simplicity, but if
necessary we recover this constant. As usual the
transfer integral By is approximately estimated as,

ﬁn = fdl'x’fo,
= fdrei(ﬁ.—dz)'rxf*ng
= ei(A.—A,).(R,+R,)/2fdtxg*Hx.:
= ﬁf,e""’n, (2)

where R; is the position vector of the site s, and B%
is the transfer integral in the absence of the magnetic
field. In the Hiickel approximation for the con-
jugated hydrocarbons, B%’s are constant, B only
for the adjacent r and s. We proceed in unit of =1
without confusion. In the above

0 = 5 (A= 4)- (R, + R) @)

from which it is apparent that
0y = — 0. (4)

A little more calculation of 6y is useful for the later
investigations. Remebering that

4, = %HR,xn, 5)

when the magnetic field, H=Hn is constant along the z
axis (see Fig. 1), we obtain

O, = —;-(As"At) “(R;+Ry)
= — %H[(R,—R,) xn]- (R,+ R,)

1
S Hn (R~ R)

= S. (6)

Here S is the signed area of the triangle formed by the
origin and the bond s—t, and counted positive if s—t is
right handed about the normal n.

Then we have the Hiickel Hamiltonian with magne-
tic field as

H = 3|s)als| + 2‘ ei%a iy, | )<, )
and then with abbreviations:

a =a=0,

B.=B=1, 8

€0 = Wyey

z
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we can write, for example, for naphthalene, (see Fig. 4)

0 wp, 0 0 0 0 0 0 0 ,,
wy 0 wy 0 0 0 0 0 0 O
0 wp 0 wyp 0O 0 O O O O
0 0 w; 0 wg 0 0 0 0 0
0 0 0 wy 0 wye 0 0 0 w5,y
0 0 0 0 wg 0 w5 0 0 0 ®)
0 0 0 O 0 wg O wg 0 O
0 0 0 0 0 O wgy 0 wg O
0 0 0 0 0 0 0 wg 0 wyy
© 0 0 0 @ 0 0 0 wy,y O
Propagators

The propagators corresponding to the Hamiltonian
in Eq. 7 are built similarly as the case without magnetic
field.®

(i) The Edge of the Linear Chain Propagator. For
the linear chain with n sites as numbered in Fig. 2a we
have

"Gy = Gy + 'Goo1"G10y10"Go
= 1Gy + 'Govo," *Go1o"Gos (10)

where nG, is the r—r matrix element of the matrix propa-
gator for the n membered chain, and "G is one in the
absence of the s site. Obviously

"Gy = [(*Go) ™! — 161" Gpv10] - (1)

Now we can understand that "Go is independent of the
magnetic field, because the phase factors of interaction
terms arising from magnetic interactions cancel out
with each other. Using abbreviations of Eq. 8 and
changing variable as

z = 2cosb, (12)
we can obtain as before,®

»G, = sin B/sin (n+ 1)0, (13)

(#i) The k-th Diagonal Element of the Linear Chain

Propagator. In a similar way,

n _ sin (n—k)0sin (k+1)60

G0 = —m s D)bsing (14
(a) OAMAMAMO o— -0 0

0 1 2 k n-1
k
n-1
(b)
2
0 1

Fig. 2.
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which also independent of the magnetic field.

(iii) The Off-diagonal Element of the Linear Chain Prop-
agator. For simplicity, we deal with the three
membered chain, a-b—c, and then obtain

3G, = 3Gavab3Gb(a>v be2Glecoy

= wabwbcsc(l?:on)y

(19)

where 3G is the a—c matrix element of the 3-
membered chain propagator in the absence of mag-
netic field. It is noted that in this case the
propagator has a phase factor responsible to magnetic
effect. In general,

sin (n-k-1)0 sin (k+ 1)6
sin (n+1)0sin 0 :

(16)

Gr b+t = Ok, k17 Di-1,1

(iv) The Diagonal Element of the Ring Propagator.
Observing Fig. 2b, we obtain
("R)™* = (1Go)™* — v01"Grcoy¥10 — Y0,n-1"Gn-100n-1,0

— 0,"G1,n-10¥n-1,0 — Y0,n-1"Gn-1,10/0n-1,0

= (1Go)™! — 271G, — Wy W1a+Wn—1,0" GO R2%

— ®g,n-1Dn—1,n—2"" V1" GLTI, (17)
where propagators appearing in the right-hand side
are all non-magnetic. Noting that ws—w¥, we get

("Ro)~t = (1Go) ™" — 271G,

— 2-Re[wg; 015+ Wp—y,0] " 1GERD,

— 9cosp_ 2Sn @t DO, s Sn0
sin 0 sin (n6)

_ _Asin0 w6+ HS/2)-sin (n0—HS/2). (18

= ——npp S (04 HS/2)-sin (n0—HS[2).  (18)

Here S is the area of ring counted positive, if the path
goes round as 0—»1—2—...-n—1-0 in Fig. 2b.

(v) The Off-diagonal Element of the Ring Propaga-
tor. We devide "Ry into two parts:

"R 4 "R, (19)

The former corresponds to the path with normal
order, 0—1—2-.-—k, while the latter to the reverse path
0—n—1—...—k. Then we have

"R = " Ryv0,"Griqoy

= "RG0 0y i
—sin n0

4 sin 0 sin (n6+ HS)/2-sin (n0— HS)/2

% sin (n—k)6 sin 6

sin 70 sin 6
—sin (n—k)0
= %sin (n0+ HS)/2-sin (n6— HS)/2

gy Wyp° Wy,

* W0 Wzt Wiy, ks

(20
and similarly
"R — —sin k0
4 sin 0 sin (n6+ HS)/2-sin (n6— HS)/2
xw:‘,k+lwr+l.k+2’"w:—z,n-lu):‘-l.o' (21)
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Conclusively all the matrix elements of the ring propa-
gator depend on magnetic field, while only the off-
diagonal elements of the chain propagator does.

Energy

The total energies for various system will be calcu-
lated to estimate induced currents.

(1) Linear Chain with n Sites and n Electrons. The
diagonal elements of this propagator in magnetic
field are same as those of non magnetic case. Then
the energy expression

E=Tr 21 f 226 (2) 22)

leads to the same result as for the non-magnetic case.
Namely

E= Z

k=0 i

j‘ sin (r—k)0 sin (k+1)0 cos 6
dé -
sin (n+1)0

= 2[— 1+ cosec (23)

T
2(n+1) ]
In the above, integration is carried out along the so-
called Coulson contour mapped through the relation
(12).8:8 Poles of the first line of Eq. 23 are

r
nt1’ !

r

= +1,+2, +3, .-+, +n. (24)

Among them poles up to [n/2| are doubly occupied,
which are enclosed by the contour. The integration
above is assumed to include the spin sum.

(1) Mono-ring with n Sitesand N Electrons. Using
Eq. 22, we obtain
= 4:i fcde sin (n6+ 1;.;)/52?5 ::nn(ona—HS/z) : (25)
Poles arising from the denominator are
0 = 2zr—HS)/n and 67 = (2zr+HS)/n,
r=0,%1, +2,.--, +(n/2—1),n/2 (26)

in which ones up to £n/4 are occupied. Then calcula-
tions are straightforward:

. ,| cos 2mr— HS)/n-sin (2zr— HS)
E= R [ sin (w7 — HS)
+ cos (2rr+ HS)/n-sin (2zr+ HS) ]

sin (wr+ HS)
( 27r— HS
cos
3

I
“M

2rnr++ HS )
0s
n
cos HS

cos 2xr

, (27)

Il
N

by

where 3}, indicates the spin sum which is carefully
taken in the present case. In order to obtain Eq. 27
we have a useful relation

_kt Dx sin ﬂ/sm % (28)

k
33 cosrx = cos
r=1 2

[Vol. 58, No. 1

+m

-+ H-
1] 1]
T b

H- o
H- o

(@ N=4m+2

(b)) N=4m
Fig. 3.
(a) The Closed System with N=¢m+2 Electrons: In

this case electrons occupy the levels as shown in Fig. 3a
and then

Im| 1
2 2 COS: 2zr = 2M—”l2ﬂ . (29)
o r=0 sin 7 /n

(b) The Open System with N=¢m Electrons: Observing
Fig. 3b, we get
Im} 2nr Nz

» 2 cos = 2 cos + 2
e r=0 2'1

sin (N—2)x /2

sin w /n

(30)

Thus we have results; for the system with n sites and
4m+2 electrons

HS sm Nz [2n
= 1
"Eym+s = 4 cos " snzjn (31

and for the system with n sites ans 4m electrons

Nz sin (N—2)x/2n
“om + sin /n ) (32)

For special cases that number of sites is equal to that
of electrons we have:

*Eym = 4 cos %-(eos

4m+2E‘m o = 4 cos 45‘:: 3 cosec 4”::_2 ’ (33)
imE,m = 4 cos % cot % (349
Current

The ring current J is defined in terms of energy
modified by magnetic field as follows.”? The external
field provokes an induced moment M opposing it and
given by

or
8E  8fi
M=M= — 36
PMe= - S e (36)
where
fk = HS, (37)

is the magnetic flux associated with the irreducible
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circuit (ring). Our hypothesis is that the partial
moment M; of the k-th ring arises from an induced
current Jx circulating around the ring and such that

1
My = —JiSs. (38)

Therefore the current Ji is given by (recovering constant
Do)

T = ¢ OF 39
S T 39
It is needless to say that there is no current in the linear
chain.

We want to apply Eq. 39 to various mono-ring com-

pounds. For species corresponding to Egs. 31 and 32

4fc . HS sin Nz/2n

Jimiz = nd, s n®, sinz/n (40)
n _ 48c . HS Nz sin (N—2)xm/2n
Jim = 20, o 0, (c "2 T sm T/n ) - 4D

The area in the aboves is expressed by the use of the
bond length d and the number of sites n as
nd? T
cot —. 4
2 p (42)
At this stage it is instructive to make an order esti-
mate of magnetic parameter such that for benzene

SH/®o~10"2H which is very small even for H~10*
gauss. Accordingly it is good approximation that

S =

1 2 cHS T
M2 = 4ﬂ( yr— ) o2 cosec ek (43)
1 \2 cHS T
o= 4-ﬂ(—z'-n-> "X cot T (44)
()

Next we calculate 5], €], and *Jg which correspond to
CsHs~, CsHes, and C7H7t, respectively. In the same
approximation to obtain the previous results, we have

sin 67 /10

o= A—p e = 164,
8Js = A% = 24, (45)
], = A-s%‘:’;—gi =2.24,
with
A= ﬂ%ﬂz%. (46)

Hence ring currents increase significantly as number of
sites increase although number of electrons remain
constant.

Perturbation Treatment I

In the preceding section we have presented some
examples in which propagators are obtained in a
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compact analytical form. Such a fortune can not
be expected for more general or complicated sys-
tems. Hence a perturbation method will be preferable
for the latter case. We are now going on as McWeeny
has done.* In order to avoid the explicit use of the
current density operator, we introduce a point
dipole as a test body and evaluate the additional
energy due to this effect and the effective magnetic
field secondaly produced by the ring current. If a
dipole moment m=mn (n is the unit vector along z
axis) is introduced at any point on the molecular
plane, this point being chosen as origin, the vector
potential at point r will be

rxn

A:—%ern—m (47)
It is easily seen that Eq. 6 is replaced by
m m
0 = 5u(H+ -+ )
= SJ‘,, (H+ ——:;: k,, N (48)

where areas are measured in unit of S, that of benzene
ring, and distances are in unit of d, the C-C bond
distance;

Sst = SS,, ’
R, =1rd, (49)

1 1
b= (5r+57) -

From the Hamiltonian in Eq. 7, we have a magnetic
perturbation as

b= 3 (et —1)|5)¢s|

=5 (io,,—%o:,) |sD¢s] - (50)

Here we have used the fact that 6 € 1, and note that
v consists of the real and imaginary parts.
In general, if we wite the matrix element of v as

Oy = U3y A+ 10}, (1)
the energy change up to the second order of v is,®

JE=23% kav:t
k<1

'I' Z 2 (U:lxkl;muv?nn'*'v;l;kl;umv:ml)) (52)
k<im<n

where the bond order g, and the bond-bond polar-
izabilities Zktmn, T atmn are given in terms of non-
magnetic propagators as

1
9 = o7 /; dz@.(2) (53)

Frima(Frims) = g [dE(O@OU() + @O,
(54
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The above quantities are already been evaluated in
analytic forms for simple species, linear chain and
ring compounds.®? However usual expressions in
terms of LCAO coefficients are useful for more
complicated molecules. It should be noted that if
we use

Gule) — 3 SIS

i zZ—¢&

(35

in Egs. 53 and 54, we can easily obtain common expres-
sions for them found in text-books.

G = 2 E CkiC;';’ (56)

—_ 0ocC un
”kl;nn(”kl;mn) = 2 Z 2
i j &—§&

+ ijc:quC:u'_".ijC jCliCm{) (57)

(CuiCaiC )Gy £ CLCEC,CR,

Now the first order energy change 8E® is
OE® = — 2 q:.0%,

() g lon(3)

><k“+( 5 ) k:,] (38)

The second order energy of which magnitude is same
order to the first order one arises from the imaginary
part of v, and then we obtain

OE®D =3 3 okln'kl;mnomn
k<l m<n

2 —
= BZ( ) = 2 ”kl;musklsmn[H2+
m<n

+(F =) kukm]

The linear terms with respect to the test dipole m is
needed to evaluate the effective field secondaly
produced:

mH
d_3(k“+ kan)

(59)

OE s, (= —mH’) = 8EQ), + 6EQ),

S \*mH
= -2(3)

where o, and o, are dimensionless shielding constants:

(01+0), (60)

g, = 2 quﬁaku, (61)
Z z ﬁ’rkt maSkiSma® _(kkl+kmn) (62)
k<lm<n

Thus we have completely reproduced the result
obtained by McWeeny (see Egs. (4,2) and (4,3) of Ref. 4).

Perturbation Treatment II

If we start with the transformed Hamiltonian given
by McWeeny,? the procedure is much more simplified.
McWeeny transformation is as follows: Introducmg a
new basis set,

[Vol. 58, No. 1

<7a’7b,7cr"‘| = (Xar Xbs Yoo |U (63)
where U is a diagonal matrix,
(64)

U - diag'(lv (01*;, wl";w:’ M) wr‘!w;‘;'"wil,n "') .

Then we have a transformed Hamiltonian, H=U+HU,
or in details

H, = ULH,U,,. (65)
Remembering that w;=w}f and |wy| =1, we cansee that H

of naphthalene given in Eq. 9 is transformed to such
that with all the near-diagonal w’s replaced by 1, say

Wy = OpWx00foR0Y = 1, (66)
and

~
Wyo,1 = Wy3Waz° Wy 19Wyg,1 = ew’““"” (67)

-~

— *
Wyo,5 = Wy3Wy3°* ’wo.www,swuw;'s" 0k

= WgeWer Wy 10Wr0,5 = €i0105, (68)
Thus we have
1 a
1 - 1
1 1
1 1
- 1 1 b
H= 1.1
1 - 1
1 . 1
1 1
B T |
1 1
1 1
1 1
1 1
1 1 1
= 1 1
1 1
1 1
1 .1
1 1 1
a
+ [ 3 (69)
a* b*
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where
8=, b=w0s,, a=l—a, b=1-b (70)
The transformed Hamiltonian is thus written as
H=H, + o, (71)

however, v has non-vanishing matrix elements only at
bonds which complete circuits. In the case of naphtha-
lene, if we draw the path seen in Fig. 4a, the bonds,
10—1 and 10—5 complete the naphthalene and benzene
rings, respectively. The arrow showing enclosing
direction suggests the sign of the ring area (see Eqs. 67
and 68).
The energy change due to magnetic interaction is

OE = Trijlr—ij;dzz((v'(z) —G°(z))

1
=T
r27ri

f dzz(G(z) — G°(2)). (72)

In the above it is legitimate to replace G by Ginside Tr.
The propagator G is given, by virtue of Eq. 71, as

~ 1 1
G g g
z—H,—v

z—H
1 1 1
—H, z-m,° :_H,

1 1 1
+ z—H, vz—Ho vz—Ho
= G° + GWG° + GvGVG° + ... (73)

+ ...

Substituting this into Eq. 71 we can easily obtain, ashas
been done in the previous section, as

1 1
0y |- —_ (0. 0,
2”iﬁdz<Gv{ 2Gva)

=23 guilhn + B T UnaT i, iy (74)
m>an m>n k>1

OE = Tr

where v%,, and v’m» are respectively the real and imagi-
nary parts of ums, which is precisely

. 1
Umn = ﬁ(iom_.n —'2—03n—m) , (75)
with
S m
0,,,*,, = T(J’m_,nH + d—sxm_.n) (763)
0
and
Smon = Sn,n+1 T Satinte T 0 Sm-1,m F Smas
Kmom = Sn,n+1kn,nt1 + Snt1,ntokntrnte + o (76b)

+ Smokmn -

Namely, sm-n is the area surrounded by the circle
which goes round n—n+l-...-m—-n, and Kkmon
is understood similarly.

Using aboves in Eq. 74, we obtain

S \2 m 2
SEM = _ﬂ(7> mg,’an<H5m—m+$"‘m—m> ’ (77)

(]
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2 — m
SE® = /92(7;'—) DI ”mn;kl(Hsm«n’I‘ F‘man)

o/ m>n k>

x (Hskﬁ%m) . 8)

The linear terms with respect to m in Eqgs. 77 and 78
yield

8E = (—mH’) = 0EQ, + 6EX,
S\¢m
~ —2(5 ) Frlort . (79)

where

01 = 3 gmnSm-nCm_n,
m,n

oy =3 3 ﬂ;mn;kll(sm—m’ckal'*’skal"m—»n)- (80)

m>n k>1 2
In this treatment the summation is restricted to the
bonds which complete circuits. Also note that 7wmn;k
is given in unit of 1/8. Eq. 79 gives the same result
with that of the previous section, but with more
transparent physical image.

Ilustrative Examples

A few examples will be presented in order to faciliate
understanding of the preceding treatment.

(1) Benzene. This is the case of one ring, and
calculation becomes trivially simple. Go round the
ring along the positive direction and the circuite is
completed by the bond 6—1, then we have; ss-1=1 and
Ke1=s12k12+s23k23+---+se1ke1. Thus 01=2/3.k1-6 and
02=—5/9.x1-6. The secondary induced field at the
test dipole is written as

S\*H 1
H = 2ﬂ(7¢:> - g (81)
Further discussion is refered to Ref. 4.

(2) Naphthalene. It should be instructive to
calculate in two alternative ways based on Fig. 4a
and 4b. One of the purposes of the present example
is that, as has been done intuitively, the whole
effect of the (naphthalene) ring current is attributed
to those of individual, constituent benzene rings.

(a) Bonds 10—5 and 10—1 together complete a posi-
tive circuite with s1-5=1 and s10-1=2. k105 is occuring

1 9
10
2 8
3
5 7
4 6
(@) (b)

Fig. 4.



300 Takayuki OHMAE, Kiyoshi NisHikawa, and Shigeyuki Aono

in the right hand side benzene ring, named R (while the
left hand ring is called L). Then, if we write kio~5=«g,
it should be that kio~1=kg+xr. Thus we obtain

Gy = qi,10(kr+KL) + ¢5,105L
= 1.1094kg + 1.16277x, (82)

0y = — [75,105,106L + 27 1, 10,1,10(K R+ K L)

+;s,1o~.1,m("lz+ 3x1)]
= — 0.9880kp — 1.5063x%z, (83)

where 7 ’s are in unit 8. It should be stressed that as
shown in Fig. 4, if we begin with drawing a path
numbered there, circuits concerning with magnetic
interaction are identically determined. In this respec-
tive, we call these circuits irreducible ones.

(b) The bonds 6—1 and 10—5 complete, respectively,
the positive and negative circuits with se-1=1 and
S10-5=—"1. Therefore noting that ke—-1=«r and
Ki0~5=—KL, we obtain

6, = qie(kr+£L)
= 0.5547(kr+£1), (84)

and
Oy = 161,688 + T5,10,5,108L + K1,6,5,10(KR+KL)
= — 0.4333(kp+£L), (85)

by the use of 7 161,6=7 5,10510=—0.4660 and m1,65,10=
—0.0327.

The both calculations (a) and (b) result in the
same value,

[Vol. 58, No. 1

01+ 0y = 0.1214(kp+5y), (86)

which tells us the invariant character, independent of
choice of the original path. Finally we note that
—xp—>1/73 at large distance and each ring behaves like
an induced dipole.

Conclusion

As has been seen in the previous sections, the propa-
gator theory works well and easily reproduces the cur-
rent results. One may say that it yields nothing new
beyond traditional methods, but we insist that, by this
way, the analysis is very much simplified, physical
processes involved are made clearer, and the method
itself is considerably general, even for the complicated
phenomena.
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